Abstract. We study the Hodge numbers f p,q of Landau-Ginzburg models as defined by Katzarkov, Kontsevich and Pantev. First we show that these numbers can be computed using ordinary mixed Hodge theory, then we give a concrete recipe for computing these numbers for the Landau-Ginzburg mirrors of Fano threefolds. We finish by proving that for a crepant resolution of a Gorenstein toric Fano threefold X there is a natural LG mirror (Y, w) so that h p,q (X) = f 3−q,p (Y, w).
Despite the fact that Hodge number mirror symmetry for Calabi-Yau manifolds is the most striking and basic suggestion of mirror symmetry, its analogue for Fano varieties has hardly been studied in the literature. This is partially because Hodge number mirror symmetry for Fano varieties should be a consequence of homological mirror symmetry, and that the conjecture of Katzarkov, Kontsevich and Pantev is relatively recent. However, this also has to do with the fact that the numbers f p,q (Y, w) have a somewhat esoteric definition in terms of f-adapted logarithmic forms (whose definition we will recall in Section 2). Recently, Lunts and Przyjalkowski [23] have computed directly f p,q (Y, w) for certain two-dimensional Landau-Ginzburg models, but even this is not a trivial task.
1.2. Outline. Our first goal in the present work is to show that the f p,q Hodge numbers can be computed using classical mixed Hodge theory. In [20] , it is shown that p+q=i f p,q (Y, w) = h i (Y, V ), where h i (Y, V ) denotes the rank of the i th relative cohomology of Y with respect to a generic smooth fiber V of w. The group H i (Y, V ) itself bears a mixed Hodge structure, hence a Hodge filtration. We will show in Theorem 3 that the dimensions of the graded pieces of this Hodge filtration agree with f p,q (Y, w). In Proposition 8 we will show that these Hodge numbers can be computed using the global geometry of a compactification Z, and the limit mixed Hodge structure at infinity of V .
We will finish by looking at the case where Y belongs to a specific class of threefolds. In nature (see [26] ), the mirror to a Fano threefold is threefold Y which is fibered by K3 surfaces over A 1 with maximally unipotent monodromy around infinity and which has h i,0 (Z) = 0 for i = 0. We will show that in this case, After showing this, we will spend some time discussing mirror symmetry for Fano and weak Fano threefolds. In particular, we will explain that there is very little left to prove in order to establish Hodge number mirror symmetry between Picard rank 1 Fano threefolds and their LG mirrors. One must simply address two questions whose solutions likely consist of analyzing existing work of Przyjalkowski [26] and Ilten, Lewis and Przyjalkowski [18] . We will remark (Remark 21) that Hodge number mirror symmetry implies that the local systems associated to Fano threefolds by Coates, Corti, Galkin, Golyshev and Kasprzyk [6] must be extremal. We will also give a recipe for proving Hodge number mirror symmetry for Fano threefolds.
We will conclude by showing that Hodge number mirror symmetry holds between crepant resolutions of Gorenstein toric Fano varieties and a natural LG mirror. In the work of Kreuzer and Skarke [21] , it is noted that Batyrev's mirror symmetry for hypersurfaces in toric Fano threefolds is not completely consistent with Dolgachev's mirror symmetry for K3 surfaces. The inconsistency found by Kreuzer and Skarke is an essential feature of Hodge number mirror symmetry for crepant resolutions of Gorenstein toric Fano threefolds (Remark 29). We will also point out (Remark 26) that extremality of the local systems described by [6] , while an essential feature of the LG mirrors of Fano threefolds, appears for mirrors of some non-Fano threefolds as well.
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Landau-Ginzburg models and their Hodge numbers
Let's start by describing what a Landau-Ginzburg model will be in this paper. Definition 1. Let us take Y to be a smooth quasiprojective variety of dimension d equipped with a proper map w : Y → A 1 with compact fibers. We will assume there exists a smooth projective compactification Z of U to which w extends to a map f : Z → P 1 so that Z \ Y = D ∞ is a simple normal crossings fiber of f. We will call (Y, w) a Landau-Ginzburg (LG) model.
Our definition of a Landau-Ginzburg model is closely related to Katzarkov, Kontsevich and
Pantev's definition, however we require that Y be relatively compact over A 1 , whereas [20] allow fibers to be noncompact. Furthermore, [20] require that there exist a nonvanishing holomorphic 2-form on Y which extends to a form with at worst simple poles on each component of D ∞ . We do not enforce this condition for now, but this will appear in weaker form in Section 3. 2.1. The f p,q (Y, w) Hodge numbers. Now let's look at a set of numbers that are canonically associated to an LG model. In [20] , Katzarkov, Kontsevich and Pantev define a complex that they
be the usual complex of holomorphic differential forms on Z with log poles at D ∞ := f −1 (∞), then note that df defines a holomorphic 1-form with appropriate poles along D ∞ . The sheaf Ω i Z (log D ∞ , f) is defined to be the subsheaf of ω ∈ Ω i Z (log D ∞ ) so that df ∧ ω still has log poles along D ∞ . This complex is then equipped with the natural differential coming from its inclusion into Ω • Z (log D ∞ ). The i th hypercohomology group of this complex is denoted H i (Y, w). One of the main results of [20] is that the hypercohomology spectral sequence for this complex degenerates at the E 1 term and therefore, we have a "Hodge decomposition" on H i (Y, w), or in other words,
If we let V = w −1 (t) for t a regular value of w, then it is shown in [20, Lemma 2.21 
We will let
where ι : V ֒→ Z is the embedding. One can define the Hodge filtration on H i (Y, V ; Q) in the following way (see e.g. [29, pp. 222] ). There is an isomorphism between
to be the image of the natural map
) the spectral sequence associated to this filtration degenerates at the E 1 term and its filtrands are isomorphic to
is the dimension of the p th graded piece of H p+q (Y, V ; C) under the Hodge filtration as described by Deligne [9] .
Relation between filtrations.
We will now show that the Hodge numbers of Katzarkov, Kontsevich and Pantev agree with the dimensions of the Hodge graded pieces of the Hodge filtration on H p+q (Y, V ; C). This will allow us to apply standard techniques in Hodge theory to compute the Hodge numbers of a Landau-Ginzburg model. 
Hence Theorem 3 can be interpreted as saying that f p,q (Y, w) is equal to a sum of Deligne's Hodge numbers.
Proof. In the proof of [20, Claim 2.22] , the authors construct the following object, which they call E • Z/∆ . Let ∆ be a small disc in P 1 with center at ∞ and parameter ǫ. We then let Z = Z × ∆, and we let p be the projection of Z onto ∆. Let D ∞ be the divisor D ∞ × ∆ in Z. We then have that f × id gives a map from Z to P 1 × ∆. Let Γ be the preimage of the diagonal of ∆ × ∆ ⊂ P 1 × ∆ under the map under f × id. Breifly, Γ is the divisor in Z so that under the projection to Z, the fiber over p ∈ ∆ goes to f −1 (p). As usual one lets
We have that the restriction of this sheaf to p −1 (ǫ) is simply Ω Z (log D ∞ ) for any ǫ. Similarly, we have the complex of sheaves Ω a Γ/∆ (log D Γ ) where
in the definition given above, since the fiber over ∞ is allowed to be singular. Note that Γ is simply f −1 (∆) and D Γ is f −1 (∞). The natural differential then induces a differential on these two complexes, and if we let i Γ : Γ → Z be the obvious embedding, then we may define [20] is the graded sheaf Ω • Z/∆ (log D ∞ , rel f) equipped with the natural differential. A local computation in the proof of [20, Claim 2.22] shows that the restriction of
, and the restriction to Z × ∞ gives the complex
The complex E • Z/∆ is a complex of analytic coherent sheaves on Z. The hyper-derived direct image R a p * E • Z/∆ has fibers which are just the hyper cohomology groups of the complexes
According to [20, Lemma 2.21] or [12, Appendix C] it is then true that the fibers of R a p * E • Z/∆ have constant dimension over ∆ for all a. Now the i th hypercohomology group of Ω • Z (log D ∞ , rel f −1 (ǫ)) is simply the cohomology group H i (Y, f −1 (ǫ); C), and the spectral sequence associated to the stupid filtration on it degenerates at the E 1 term. Thus we have that
Similarly by [20 
The rest of our argument is quite standard. By Grauert's semicontinuity theorem, (see e.g. [1, Theorem 8.5(ii)]), the value of
) is upper semicontinuous on ∆ in the analytic Zariski topology. Thus it follows that for a general enough point ǫ 0 of ∆ that
However, the fact that
implies that we must have equality between h p,q (Y, f −1 (ǫ)) and h p,q (Y, w) at all points.
2.3. Poincaré duality. We will now check that Poincaré duality holds for H i (Y, w), or in other words that h 2d−i (Y, w) = h i (Y, w). First, we recall the relative Mayer-Vietoris exact sequence. Let Y 1 and Y 2 be manifolds and let S 1 and S 2 be submanifolds of Y 1 and Y 2 respectively so that
Now let Σ be the set of critical values of w and let p be a base-point in A 1 = C. Take a set of open subsets of C which are homeomorphic to open discs {U s } s∈Σ , so that each U s contains s and p but no other critical values of w, for any subset S ⊆ Σ, the set U S = s∈S U s is simply connected and so that s∈Σ U s is a deformation retract of
The following proposition was claimed in [19] .
Proof. Let s 1 , s 2 ∈ Σ, then we have chosen U 1 and U 2 so that U 1 ∩ U 2 is simply connected, open and contains no critical points of w. Thus we have that w −1 (U 1 ∩ U 2 ) is a deformation retract onto V by Ehresmann's theorem, thus
by the relative Mayer-Vietoris sequence. Repeating this argument proves the general case.
Now to each point, s ∈ Σ, we can associate a perverse sheaf of vanishing cycles φ w−s C supported on the critical locus of w in w −1 (s) (see e.g. [28, 10] ), and the hypercohomology of φ w−s C sits in a long exact sequence
where the map r i is the natural restriction map. However, this is precisely the map in the long exact sequence for relative cohomology, thus we find that
and therefore,
It is a well-known fact [10] 
Along with Proposition 5 this implies that:
Theorem 6. Poincaré duality holds for LG models. In other words,
This theorem requires remarkably few assumptions. We need to have that w is a proper, relatively compact fibration with smooth total space over A 1 , but nothing more.
2.4.
The cohomology of Y . We will now determine how one can compute the Hodge numbers of a general relatively compact LG model in terms of the limit mixed Hodge structure on the fiber at infinity and the cohomology of Z. This section is largely just preparation for the proof of Theorem 10, however it should be useful in its own right. Proposition 8 should be very useful in applying the techniques of this paper to examples (see Section 4.2) We will fix a smooth, relatively compact LG model w : Y → A 1 with a compactification f : Z → P 1 so that D ∞ is a simple normal crossings union of divisors. This condition is to ensure that we may apply the Clemens-Schmid exact sequence.
We will let X denote the preimage in Z of a small disc in P 1 containing ∞ but no other singular fibers of f. Then the Clemens contraction theorem says that there is strong deformation
. The Clemens-Schmid exact sequence is a long exact sequence relating the cohomology of X to the cohomology of V and the monodromy action on H i (V, C). Formally, let T i be the monodromy action on H i (V, C) associated to a small counterclockwise loop around ∞, let N i = log T i and let X × = X \ D ∞ . Then we have a long exact sequence of mixed Hodge structures
Here r i is, topologically the pullback along embedding. There's then a pair of maps of mixed Hodge structures,
where the first map is the obvious pullback along inclusion and the second comes from the ClemensSchmid exact sequence. Therefore, the restriction map is simply pullback along the embedding of a fiber of f into Z. This gives rise to a map s i :
Lemma 7. The kernel of r i is in the image of t i .
Proof. If we let Σ be the set of all singular values of f. Let ∆ s be a small disc around each s ∈ Σ and let
Note that X ∆∞ = X and X × ∆∞ = X × in the notation used above. We have a commutative diagram
The upper horizontal map is an isomorphism by excision. Therefore restricting to the fiber over ∞, we have another commutative diagram
where the upper arrow is surjective and the diagram commutes. The image of the vertical right arrow is the kernel of lower right horizontal arrow. Using commutativity of the square, along with the fact that the upper horizontal arrow is surjective, it is not difficult to see that the image of
Therefore, if we denote by C i the image of the map
we have an injection of M i into C i and the following commutative diagram with exact rows and columns
The existence of the embedding of M i into C i is due to the fact that the image of t i (which is equal to C i ) contains M i . Since the map from C i to C i /M i is surjective, we can identify Q i with the cokernel of the map r i · t i . That there's a surjective morphism of mixed Hodge structures from Q ′ i and Q i follows by general nonsense and the fact that the category of mixed Hodge structures is abelian. The kernel of this map is the cokernel of the identity map from M i to itself. Therefore, Q ′ i is isomorphic to Q i as a mixed Hodge structure.
We can complete the above diagram to a diagram of exact sequences. We know that the bottom left entry must be 0, therefore, there's an induced isomorphism of mixed Hodge structures from Q i to Q ′ i . We can now prove the following theorem.
Proposition 8.
There is a short exact sequence of mixed Hodge structures
and
Proof. Applying the long exact sequence for compactly supported cohomology for the triple Z, D ∞ and Y = Z \ D ∞ , we see easily that there is a short exact sequence of mixed Hodge structures,
We have a long exact sequence of mixed Hodge structures then determining the mixed Hodge structure on H 2d−i (Y, V ; C).
The global invariant cycles theorem says that the image of the map
is the subspace of monodromy invariant cycles in H j (V, C). Therefore if we know which cycles in H 2d−i−1 (V, C) and H 2d−i (V, C) are monodromy invariant and we know H i c (Y, C), then it becomes an easy task to compute the Hodge numbers of H 2d−i (Y, V ; C). The goal of the next section will be to put this into action in the case of threefolds.
The Hodge numbers of a LG model in three dimensions
In this section, we will give a concrete set of formulae determining the values of f p,q for certain LG models which appear as prospective mirrors of Fano threefolds.
3.1.
LG mirrors of Fano threefolds. In many cases, one can obtain Landau-Ginzburg mirrors to Fano threefolds. These can be obtained in various ways. Givental [14] has given a combinatorial method for producing LG models for complete intersections in toric varieties. More recently, Coates, Corti, Galkin, Golyshev, Kasprzyk and their collaborators have obtained objects which appear to be LG mirrors for all Fano threefolds and a large number of fourfolds by matching numerical invariants.
The LG models obtained by the above methods are written as quasi-affine varieties equipped with regular functions. Specifically, the method of [6] produce tori (C × ) 3 equipped with Laurent polynomials superpotentials. These Landau-Ginzburg threefolds usually are not LG models in the sense of [20] or Definition 1. However it has been shown recently by Przyjalkowski [26] that there are relative compactifications of these pairs which do satisfy Definition 1. Our goal in this section is to reduce the computation of the Hodge numbers of these LG models to a small number of computations which are not difficult to verify and indeed often already verified.
Przyjalkowski's computations produce, for each Fano threefold with very ample anticanonical bundle, a pair (Y, w) which is an LG model in the sense of Section 2, but also with the following properties:
(1) Rational total space Y , (2) Fibers which are generically smooth K3 surfaces, (3) Fiber at ∞ which is a union of rational surfaces whose dual intersection complex forms a triangulation of the sphere.
From now on, we will assume that we are in the situation where these conditions are satisfied. We will show how to compute the f p,q numbers of such a threefold using the computations in the previous section. We will recall the following definition which strengthens condition (3) slightly.
Definition 9. Let g : X → ∆ be a projective fibration over a complex disc containing 0 whose fibers away from 0 are smooth K3 surfaces. We say that g is a type III degeneration of K3 surfaces if
is a normal crossings union of smooth rational surfaces and whose dual intersection complex is a triangulation of a two dimensional sphere.
Being a type III degeneration of K3 surfaces means that T 2 is the monodromy automorphism on H 2 (X, Z) associated to a counterclockwise rotation around 0 in ∆, then N 2 = log T 2 has just a single nontrivial Jordan block of rank 2. The rest of this section will be devoted to proving the following theorem.
LG threefold which is relatively compact with respect to w with compactification Z and smooth fiber V so that
(1) V is a smooth K3 surface.
Then the f p,q numbers of (Y, w) are given by the diamond
where ph is the rank of the cokernel of the restriction map
and where Σ is the set of critical values of w and ρ s is the number of irreducible components in w −1 (s).
We'll break up this proof into three different parts. The first will show that the only nonvanishing f p,q (Y, w) with p + q = 3 is f 1,1 (Y, w). Second, we will show that the number k is equal to
Finally we will compute f p,3−p (Y, w).
For the sake of future reference, we will introduce several classical results that will be used in the future. First, we record the global invariant cycles theorem which may be deduced from the degeneration of the Leray spectral sequence. We quote from Voisin [ Theorem 11 (Invariant Cycles Theorem, Deligne [9] ). Let f : X → C be a proper, dominant morphism of quasiprojective varieties. Let s ∈ C denote X s the fiber over s. The restriction map H j (X, Q) → H j (X s , Q) is a morphism of rational Hodge structures which is surjective onto the sub-Hodge structure of H j (X s , Q) of monodromy invariant cohomology classes.
The importance for us is that this implies the image of the restriction map from H j (Z, C) to H j (V, C) is the same as the restriction map from H j (Y, C) to H j (V, C).
Next, we will discuss the Mayer-Vietoris spectral sequence for normal crossings varieties.
Theorem 12 (Mayer-Vietoris spectral sequence, [24, pp. 103] , [16, Section 4] ). Let X be a compact d-dimensional normal crossings variety with irreducible components X 1 , . . . , X k . Let
∩ i∈I X i be the disjoint union of all codimension n strata of X. There is a spectral sequence with E 1 term
and which degenerates to cohomology of X at the E 2 term. There is a weight filtration on H i (X, C) so that the graded pieces of this filtration agree with the E 2 terms of the spectral sequence.
This will be important because we need to understand the mixed Hodge structure on D ∞ in order to apply Proposition 8. Every normal crossings variety has dual intersection complex |Γ| which is a simplicial complex whose i-dimensional cells correspond to codimension i strata in X and adjacency in |Γ| corresponds to inclusion of strata in X. Morrison [24] notes that E p,0 2 is isomorphic to H p (|Γ|, C). The E 2 terms of this spectral sequence determine the weight graded pieces of the natural mixed Hodge structure on H k (X, Q).
The proofs of the following three propositions will use the notation of liberally. 
Proof. First, we will compute H 1 (Y, V ) and H 0 (Y, V ). To do this, we will use Proposition 8, Poincaré duality relating H i c (Y, C) and H 6−i (Y, C) and the long exact sequence in relative cohomology
By Proposition 8, we have that H 0 c (Y, C) = K 0 which is simply the kernel of the restriction of
This map is surjective therefore K 0 = 0. Therefore, by Equation (1), it follows that H 6 (Y, V ; C) = 0. Using Theorem 6, it follows that H 0 (Y, V ; C) = 0 as well.
We've already noted that the map
Appealing to Equation (1), we then have that H 5 (Y, V ; C) is isomorphic to the cokernel of the restriction map from H 4 (Y, C) to H 4 (V, C). Since H 4 (V, C) is monodromy invariant, it follows that this cokernel is trivial and hence
Finally, we can compute H 4 (Y, V ; C). We first claim that H 1 (D ∞ , C) is trivial. The MayerVietoris spectral sequence can be used to compute this cohomology group. Therefore, H 1 (D ∞ , C) is isomorphic to E 
where |Γ| is a triangulation of the 2-sphere. In our case it follows that this is 0, since the dual intersection complex |Γ| of D ∞ is a two-dimensional sphere. Therefore, H 1 (D ∞ , C) must itself be 0. Therefore, 1) . Poincare duality then tells us that the only possibly nonzero Hodge number of H 4 (Y, C) is h 2,2 . Since H 3 (V, C) = 0 it follows then that the same is true of H 4 (Y, V ; C) by Proposition 8.
We need to use a similar argument for H 2 (Y, V ; C). We can compute H 3 (D ∞ , C). We have that this is isomorphic to a direct sum of subquotients of the groups
c (Y, C) = K 4 is purely of type (2, 2). Poincaré duality then tells us that H 2 (Y, C) carries a pure Hodge structure which is purely of type (1, 1). Since H 1 (V, C) = 0, it follows that H 2 (Y, V ; C) carries a pure Hodge structure purely of type (1, 1) .
This completes the proof of the proposition.
Next, we will compute the rank of H 2 (Y, V ; C). This computation actually works in arbitrary dimension for any LG model, as long as we assume that h 1 (V ) = 0. This result has been referred to in work of Przyjalkowski and Shramov [27] and Przyjalkowski [26] , but to my knowledge has not been published anywhere else. 
Proof. In Proposition 5, we showed that
where Y s is the preimage of a small disc ∆ s around s and V is a generic smooth fiber above a point in ∆ s . Therefore, it's enough for us to show that h 2d−2 (Y s , V ) = ρ s −1. By the Clemens contraction theorem [5] , h 2d−2 (Y s ) = h 2d−2 (w −1 (s)). We will first assume that w −1 (s) = X s is normal crossings and then remove this assumption. We can now apply the Mayer-Vietoris spectral sequence to get that H 2d−2 (X s ) is a sum of subquotients of E i,2d−2−i 1
s ). In particular, it is the kernel of
Now we can compute the rank of the relative cohomology groups by the standard long exact sequence
By monodromy invariance of H 2d−2 (V, C) and the local invariant cycle theorem, the final map in the above long exact sequence is surjective. By assumption, H 2d−3 (V, C) = 0. Therefore, it follows that h 2d−2 (Y s , V ; C) = (ρ s − 1). Therefore we have that 
The maps H 2d−2 (Y, C) → H 2d−2 (V, C) and H 2d−2 ( Y , C) → H 2d−2 (V, C) are both surjective and have kernel equal to H 2d−2 (Y, V ; C) by the vanishing of H 2d−3 (V, C). Therefore,
by the computations above, but also
as claimed.
Finally, we need to compute the dimensions of the graded pieces of the Hodge filtration on H 3 (Y, V ; C). This requires a little bit of care and that we remember a couple facts about mixed Hodge structures. Most of these facts can be found in [28] .
A rational mixed Hodge structure on a finite dimensional Q vector space V is a filtrations W • on V and a filtration F • on V C := V ⊗ C called the weight and Hodge filtrations which are ascending and descending filtrations respectively. We will use the following notation,
On each graded component of the weight filtration Gr W i , the Hodge filtration induces a pure Hodge structure by the relation
). We will denote by h p,q (V ) the dimension of Gr 
Moreover, if this sequence is a short exact sequence of mixed Hodge structures, then we have additivity of the Hodge numbers,
For the following facts, see [7] . If we have a variation of Hodge structure of weight d over a punctured disc ∆ × with a vector space V over a generic point, and with monodromy action by a linear transformation T which is unipotent, then Schmid tells us that we have a limit mixed Hodge structure on V , which we will denote V lim . The weight filtration in this limit mixed Hodge structure (which we denote F • lim ) is determined by N = log T and the Hodge filtration is determined by the asymptotic behaviour of the Hodge filtration on ∆ × . The dimension of the graded pieces are the same as those of F • where F • denotes the Hodge filtration on a generic fiber of our variation of Hodge structure. The operator N acts on the graded pieces of V lim in a very nice way. Particularly, we have that N induces a morphism of mixed Hodge structures from V lim to V lim ⊗ Q(1) and hence a morphism pure Hodge structures from Gr Finally we mention that if V carries a natural mixed Hodge structure, then so does V ∨ = Hom Q (V, Q), and that h p,q (V ) = h −p,−q (V ∨ ).
Proposition 15. If we have a relatively compact LG model satisfying the conditions of Theorem 10 then
where ph is the rank of the cokernel of
Proof. We first note that, according to [13, Proposition 7.2] H 3 (D ∞ , C) = 0 (this is explained in the last portion of the proof of Proposition 13). Therefore, K 3 = H 3 (Z, C). We can also compute Q 2 along with its mixed Hodge structure. It is well known (see e.g. [24, 13] ) that the limit mixed Hodge structure of a type III degeneration of K3 surfaces satisfies
and F 2 = C, F 1 = C 21 and F 0 = C 22 . Therefore, we can compute that if
denotes the cohomology of a generic fiber of f equipped with the limit mixed Hodge structure at infinity, then
and h p,q (H lim ) = 0 otherwise. If T 2 is the monodromy transformation acting on H lim according to a counterclockwise rotation around ∞, and N 2 = log T 2 then ker N 2 maps H lim to H lim ⊗ Q(−1). This induces maps
for i = 2, 1, 0 induced by N 2 . The kernel of f 2 is trivial, f 1 is surjective, hence has kernel of rank 19, and f 0 is the zero morphism hence has kernel of rank 1. Therefore
and h p,q (ker N 2 ) = 0 otherwise. By the global invariant cycles theorem the image of the restriction map H 2 (Z, C) → H 2 (V, C) has image which is invariant under N 2 . Since the action of N 2 on H lim is induced by the action of N 2 on H 2 (V, C), it follows that the image of the map H 2 (Z, C) is contained in ker N 2 . Therefore, Q 2 satisfies
and h p,q (Q 2 ) = 0 otherwise. Therefore, by additivity of Hodge numbers in exact sequences, the nonzero Hodge numbers of
The mixed Hodge structure on H 3 (Y, C) is dual to that of H 3 c (Y, C) after tensoring with Q(3). Therefore the nonzero Hodge numbers of H 3 (Y, C) are
Now we may compute the Hodge-Deligne numbers of H 3 (Y, V ; C). We have the long exact sequence
Since H 2 (Y, C) is purely of type (1, 1), the nonzero Hodge numbers of the cokernel of H 2 (Y, C) → H 2 (V, C) (which we will call P H) are
This uses the fact that the restriction map of H 2 (V, C) to H 2 (V, C) is the same as the restriction map from H 2 (Z, C) to H 2 (V, C). Since Hodge numbers are additive in short exact sequences of mixed Hodge structures, it follows that the nonzero Hodge numbers of H 3 (Y, V ; C) are
Therefore, if F • denotes the Hodge filtration on H 3 (Y, V ; C), then the fact that gr i F := dim Gr This finishes the proof of Theorem 10. In general, it can be somewhat difficult to compute the values in Theorem 10. We will explain in Section 4.2 how to reduce these computations to combinatorics in the case of a specific class of LG models. In Section 4.1, we will discuss how one could go about proving Hodge number mirror symmetry for Fano threefolds of Picard rank 1.
Remark 16. Using the techniques described in the proof of Proposition 15 one can prove that the f p,q s of an arbitrary LG model satisfy f p,q = f q,p . See [17, Chapter 2] . This proof is notationally intense, but conceptually simple.
Mirror symmetry for threefolds
In the next couple sections, we'll discuss mirror symmetry for some Fano or weak Fano threefolds. The first section outlines the computations needed to be done in order to show that Hodge number mirror symmetry holds for Picard rank 1 Fano threefolds and remarks that these computations are mostly contained in work of Przyjalkowski [26] and Lewis, Ilten and Przyjalkowski [18] . The second part establishes mirror symmetry for Hodge numbers for crepant resolutions of Gorenstein toric Fano varieties.
4.1.
Mirrors of Fano threefolds of Picard rank 1. The purpose of this section is to describe how the computations in the previous section can be used to prove that Hodge number mirror symmetry holds between Fano threefolds and their LG mirrors. Victor Przyjalkowski [25] has found candidate LG mirrors for all Fano threefolds of Picard rank 1 by matching the GromovWitten invariants of the Fano threefolds to periods around infinity of the LG mirror. Coates and collaborators have found prospective Laurent polynomial LG models for all remaining Fano threefolds using similar methods [6] . These LG mirrors are presented as Laurent polynomials which are usually not suitable as mirrors in the sense of matching Hodge numbers. Przyjalkowski [26, 25] has constructed relatively compact partial compactifications of these candidate mirrors whose total space is log Calabi-Yau, whose fibers are smooth Calabi-Yau and whose fiber at infinity is a type III degenerate K3 surface.
In the following section, we will assume that we have a Fano threefold of Picard rank 1. We will assume that it has an LG mirror (Y, w) given by Przyjalkowski's construction, meaning that it satisfies the conditions of Theorem 10. We'll discuss what still must be shown in order to establish that
for these LG models. If X is a Picard rank 1 Fano threefold and the fibers of Z do not vary isotrivially (hence ph ≥ 3), then a theorem of Zarhin [30, Theorem 3 .1] implies that we must have that ph is of rank at least 3. The fact that h 1,1 (X) = 1 means that the mirror must satisfy
This then means that ph = 3 and h 2,1 (Z) = 0. Hodge number mirror symmetry between X and (Y, w) is equivalent to the following facts:
The invariant k is the best understood part of this relation. It has Przyjalkowski [25] has shown that for LG mirrors of Picard rank 1 Fano threefolds, k = h 2,1 (X), so this portion of Hodge number mirror symmetry is known. In addition, Przyjalkowski and Shramov [27] have computed k for LG mirrors of all projective complete intersection Fano varieties and the current author [17, Chapter 3] has computed k for a class of hypersurfaces X in d-dimensional toric varieties and shown that it matches h 1,d−2 (X). The numbers ph and h 2,1 (Z) have not been computed as such, but as we will see, related computations have been done for LG mirrors of some Fano threefolds which come close to establishing the equalities in Equation 2.
Ilten, Lewis and Przyjalkowski have computed that the Picard rank of a generic smooth fiber of (Y, w) is 19 for LG mirrors of Picard rank 1 Fano threefolds. By the global invariant cycles theorem, the image of the restriction map H 2 (Y, C) → H 2 (V, C) is the monodromy invariant subgroup of H 2 (V, C). Since H 2 (Y, C) bears a pure Hodge structure of weight 2 (which was shown in the course of Proposition 13), the image of H 2 (Y, C) in H 2 (V, C) is contained in the Picard lattice of V . By the global invariant cycles theorem, its image is precisely the subset of H 2 (V, C) which is invariant under the global monodromy representation. If one can show for all LG mirrors of rank 1 Fano threefolds, the rank 19 lattice identified by Ilten, Lewis and Przyjalkowski is monodromy invariant, then one will obtain a proof that ph = 3. This can be done by carefully analyzing the computations of [18] .
Problem 17. Show that the rank 19 generic Picard lattices of [18] are monodromy invariant.
In most cases, the proof of this should be very direct.
To my knowledge, the number h 1,2 (Z) has not been computed for Przyjalkowski's log Calabi-Yau partial compactifications of LG mirrors to Picard rank 1 Fano threefolds. However, a piece of this is easy to compute (and has been computed by [6] ). We will explain in the next few paragraphs how the the extremality condition described in [6] is implied by the condition that h 2,1 (Z) = 0.
Zucker has shown [31] that if f : Z → C is a projective map from a projective variety Z to a curve C, then the associated Leray spectral sequence degenerates at the E 2 term. This means that h 3 (Z) can be decomposed into a sum of three numbers,
If we assume that Z has K3 surface fibers and C = P 1 , then since H 1 (V, C) = 0 for a generic fiber, R 1 f * C is a skyscraper sheaf on C and thus the third term is 0. Using the fact that R 3 f * Q is also a skyscraper sheaf on C, the first term is just
The conditions of Equation 2 then predict that if X s is a singular fiber of an LG mirror to a Picard rank 1 Fano threefold, then h 3 (X s ) = 0. Since Przyjalkowski's computations give explicit models of the singular fibers of LG models of Picard rank 1 Fano threefolds, one should be able to establish this by explicit computation and the Mayer-Vietoris spectral sequence.
Problem 18. Show that for each singular fiber X s of the log Calabi-Yau compactification of Przyjalkowski's LG mirrors of Picard rank 1 Fano threefolds, h 3 (X s ) = 0.
If X s is a type III degeneration of K3 surfaces then this follows by [13, Proposition 7 .2], as we have described in the proof of Proposition 13. For nodal fibers, this also follows very directly. It is known that if a Fano threefold of Picard rank 1 is rational, its singular fibers are either type III degenerate K3 surfaces or nodal K3 surfaces. Therefore, this only needs to be shown for LG mirrors of nonrational Fano threefolds.
I now claim that if Problems 17 and 18 are solved, then Hodge number mirror symmetry is established for Przyjalkoswki's LG mirrors of Fano threefolds. Solving Problem 17 shows that ph − 2 = 1 and solving Problem 18 shows that h 3 (Z) = h 1 (P 1 , R 2 f * C). I claim that, assuming that Problem 17 is solved, then h 1 (P 1 , R 2 f * C) = 0 follows from the fact that the local systems associated to LG mirrors of Fano threefolds by [6] are extremal.
Let U ⊆ P 1 be the smooth locus of f, let j be the natural embedding of U into P 1 and let i be the embedding of Σ = P 1 \ U into P 1 . Then there's a short exact sequence for any constructible sheaf V on
The sheaf i * i * V is a skyscraper sheaf, therefore H i (P 1 , i * i * V) = 0 for i ≥ 1. Therefore the long exact sequence in cohomology associated to this short exact sequence of sheaves shows that
If we assume that we have solved Problem 17, then j * R 2 f * C decomposes into a direct sum of a rank 19 trivial local system which we denote N and a nontrivial rank 3 local system which we denote T. It's clear then that
Since N is trivial, so is j * N and H 1 (P 1 , j * N) = 0. Therefore,
The local system T is closely related the transcendental Picard-Fuchs differential equation of Z. This is a rank 3 regular singular ODE, whose solution sheaf is the local system T. The local monodromy matrices about each singular point in this local system can be computed by the Frobenius method. For all of the LG mirrors of Picard rank 1 Fano threefolds, this ODE is known (going back to Golyshev [15] ), as are the local monodromy transformations around each regular singular point. Let V be a local system on a smooth quasiprojective curve C with C its smooth compactification, and j the embedding of C into C. At each point p ∈ Σ := C \ C, let T p be the local monodromy automorphism acting on a fiber V of V. Let R(p) = dim(V /V Tp ).
Definition 19 (Golyshev, [15] ). A local system V on P 1 \ Σ is called extremal if it is irreducible, nontrivial and if
As noted in [6] , this is equivalent to H 1 (P 1 , j * V) = 0. It is known that the local systems T associated to the LG mirrors of all Picard rank 1 Fano threefolds are extremal. Therefore if one can solve Problem 17 then it follows immediately that H 1 (P 1 , j * j * R 2 f * C) = 0. Then solving Problem 18 tells us that h 3 (Z) = 0 and therefore that Hodge number mirror symmetry holds for all of Przyjalkowski's mirrors of Fano threefolds of Picard rank 1.
More generally Przyjalkowski has prospective LG mirrors for all Fano threefolds which satisfy the conditions of Theorem 10. I propose the following recipe for proving that mirror symmetry of Hodge numbers holds between his LG mirrors and Fano varieties. Let X be a Fano threefold and (Y, w) its mirror (1) Show that the monodromy invariant part of the Picard lattice of a fiber V is of rank 20 − rank Pic(X). (2) Show that the transcendental local system T is extremal in the sense of [6] . (3) Show that the singular fibers X s of Z all satisfy h 3 (X s ) = 0 and that s∈Σ (ρ s −1) = h 1,2 (X) and count the number of components of X s .
There are more direct ways of computing Hodge numbers of LG models, as we will discuss in the following section, but the above proposal seems to be effective in the case where one begins only with a Laurent polynomial.
Remark 20. The second point has been partially addressed to some extent by [6] , where PicardFuchs equations associated to the Laurent polynomial mirrors have been computed. However, from what I understand of [6] , the differential equations associated to each Fano threefold are only extremely good guesses at what the true Picard-Fuchs equation is. The first point has been partially addressed in unpublished work of the current author along with Doran, Katzarkov, Lewis and Przyjalkowski. The singular fibers of LG mirrors of Fano threefolds of Picard rank greater than 1 do not seem to be understood at all beyond the Picard rank 1 case.
Remark 21. It is expectied by the authors of [6] that the mirrors of all Fano threefolds give rise to extremal local systems. This fits into a more general picture. It is expected that a smooth anticanonical section of a Fano variety X is mirror in the usual sense to a generic fiber of (a generic choice) of LG mirror of X. Dolgachev's precise version of mirror symmetry for K3 surfaces relates pairs of families of lattice polarized K3 surfaces, roughly saying that the mirror of a K3 surface with Picard rank n is a K3 surface with Picard rank 20 − n. Anticanonical hypersurfaces in a Fano threefold X have Picard groups generically isomorphic to the Picard group of X, therefore the generic fiber of a generic LG mirror of X should have Picard lattice of rank 20 − rank Pic(X). Therefore, the mirror (Y, w) should have
which means ph − 2 ≥ rank Pic(X). In order for Hodge number mirror symmetry to hold, this must be an equality and h 2,1 (Z) = 0. This implies that h 1 (P 1 , j * T) must be 0 and thus that T is an extremal local system. Therefore, extremality of T is a natural consequence of Theorem 10 and general expectations from mirror symmetry.
4.2.
Mirrors of toric weak Fano threefolds. Now let us discuss mirror symmetry for smooth toric threefolds. In this section, we will recall no background on toric varieties. Our notation is similar to that of Batyrev [2] and Batyrev-Borisov [3] , except for the fact that we have inverted ∆ and ∆ • . The reader may consult those works for background on toric geometry. We will show that the natural LG mirrors of crepant resolutions of Gorenstein toric Fano threefolds satisfy Hodge number mirror symmetry. An alternate (and quicker) approach to the material in this section, which is described in [17] is to first appeal to Remark 2 (made precise in loc. cit.) then use work of Batyrev [4] to establish Hodge number mirror symmetry. This approach works in arbitrary dimension. These computations are included because they give a nice application of Theorem 10 and suggest how one might use Theorem 10 to prove mirror symmetry in different situations.
Let ∆ be a reflexive polytope embedded in M ⊗ R for some lattice M of rank 3, and let Σ be the fan over the faces of ∆. We may choose a refinement of Σ which we callΣ so that each cone ofΣ is spanned by rays which generate the lattice M , and that the rays ofΣ are in bijection with integral points in the boundary of ∆. Such a refinement exists by [2] . Let X ∆ be the toric variety associated to the fanΣ, then X ∆ is a smooth projective resolution of P ∆ . A standard result in toric geometry [2, Proposition 4.4.1] is then that
where ℓ(∆) is the number of lattice points in ∆, or alternately, the number of 0-dimensional strata ofΣ. Furthermore, since X ∆ is a number of copies of (C × ) k (k = 0, 1, 2, 3) glued together, X ∆ • . We may then produce a pencil P(r, t) of anticanonical hypersurfaces in X ∆ • written as {rs − ts 0 = 0} over P 1 r,t . The base locus of this pencil is just the intersection of S ∨ = {s = 0} with the union of all toric boundary divisors D ρ in X ∆ • . By the assumption that S ∨ is generic, it follows that S ∨ ∩ D ρ is a smooth curve ( [2] ) and the union of all curves S ∨ ∩ D ρ is normal crossings. We may sequentially blow up the curves in the base locus of P(r, t) to resolve indeterminacy. The result is a smooth variety Z ∆ which is fibered over P 1 t,r . Call this map f. We can furthermore compute that the fibers of f are sections of the anticanonical bundle of Z ∆ . The threefold X ∆ • satisfies h i,0 (X ∆ • ) = 0 for i = 0, and blowing up at curves does not affect h i,0 . Therefore, h i,0 (Z ∆ ) = 0 for i = 0. The fiber over r = 0 of f is a normal crossings union of smooth rational surfaces whose dual intersection complex is a triangulation 2-sphere, which is precisely the triangulation of ∆ • used to build the refinement of Σ ∆ • defining X ∆ • . Furthermore, recall that if we have a smooth blow-up π : X → X along a codimension 2 subvariety C in X, and
which is just the class of a fiber in the fibration f. Therefore, since −K Z ∆ is supported on fibers, the degeneration of K3 surfaces at infinity is a type III degeneration of K3 surfaces [13, 22] . Therefore, we can apply Theorem 10 to the pair made up of Y ∆ := Z ∆ \ f −1 (∞) and w = f| Y . We begin by computing the cohomology of Z ∆ .
4.4.
Hodge numbers. Now we compute the Hodge numbers of Z ∆ .
Proposition 23.
Proof. On the big torus (C × ) 3 x,y,z of X ∆ • , there is a Laurent polynomial f (x, y, z) which determines S ∨ and so that the Newton polytope of f (x, y, z) is ∆. We can compute (see [3] ) that the restriction of S ∨ to the big torus (C × ) 2 in any D v has Newton polytope which is computed as follows: let v ∈ ∆ • , and let Γ(v) be the smallest face of ∆ • containing v. The face Γ(v) has a dual face Γ(v) • in ∆ defined to be Γ(v)
These faces satisfy dim Γ(v) + dim Γ(v) • = 2. The restriction of S ∨ to the big torus (
is a single smooth curve whose genus is ℓ * (Γ(v)) • (this follows by [8] ). These statements can be deduced from [3, Theorem 2.5] or an easy computation. Now, recall that if we let X be the blow up of a threefold X in a smooth irreducible curve of genus g then
g. [29, §7.3.3] . One may then compute without much trouble that h 2,1 (Z ∆ ) is the sum of the genera of the curves which were blown up. For each facet of ∆, there's a single vertex of ∆ • contained in the dual face. Therefore, the sum of genera of the blown up curves is simply the number of points on the interior of facets of ∆. This gives
To show that In particular, this is the rank of the restriction map from H 2 (Z ∆ , C) to H 2 (S ∨ , C).
Therefore, in the language of Theorem 10,
Combining this with the computation of h 2,1 (Z ∆ ), we have computed h 2,1 (Y, w). , ℓ * (F ) = 0. Thus it follows that h 2,1 (Z ∆ ) = 0, or equivalently that the local system T described in Section 4.1 is extremal. It is also clear that if ℓ * (F ) = 0 for all F ∈ ∆[2], then T is extremal, but this condition on ∆ is not equivalent to X ∆ being itself Fano. Therefore, there are LG models whose transcendental local systems are extremal but which are not LG mirrors of Fano threefolds.
Now we can check that:
Lemma 27.
Proof. We use [21, Equation 5 ] to see that if S ∨ is a generic hypersurface of X ∆ • , then 20 = h 1,1 (S) = rank Pic(S) + ℓ(∆) − 4 − 
Combining these two statements and rearranging gives the proposition immediately.
Then comparing Lemma 25 to the formula for h 1,1 (X ∆ ) implies the following identity.
Corollary 28. This problem does not appear when we look at mirror symmetry for smooth toric varieties, as we have just seen. The difference between Pic(X ∆ ) and Pic(S) is compensated for by h 2,1 (Z ∆ ) in the mirror. This seems to suggest that Batyrev-Borisov mirror symmetry is the result of a more natural duality between a smooth toric variety and its Landau-Ginzburg mirror.
Now we compute h 1,1 (Y ∆ , w).
Proposition 30. Proof. First note that the image of the restriction map H 2 (Y ∆ , C) → H 2 (S ∨ , C) has image equal to the image of the restriction from Z ∆ by the global invariant cycles theorem. In the proof of Lemma 25, we showed that restriction from Z ∆ to S ∨ has image of rank
It then follows from Proposition 23 that the kernel of the restriction of H 2 (Z ∆ , C) to H 2 (S ∨ , C) has rank ℓ(∆ • ) − 1, and in particular, since all fibers of f are linearly equivalent, the kernel of the restriction to H 2 (D ∞ , C) is of rank at least ℓ(∆ • ) − 1. If L is an ample line bundle on Z ∆ , then we have a commutative diagram
Hence the rank of the kernel of the map on the top of the above diagram has rank at least ℓ(∆ • )−1. Therefore,
by the long exact sequence in compactly supported cohomology. We have thus argued that the image of the restriction map H 2 (Y ∆ , C) → H 2 (S ∨ , C) has rank at least equal to h 2 (Y ∆ ), hence it has rank equal to h 2 (Y ∆ ) and is thus injective. Therefore, by the long exact sequence in relative cohomology, h 2 (Y ∆ , S ∨ ) = 0.
Using Theorem 10, we find that:
Theorem 31. Hodge number mirror symmetry holds between X ∆ and (Y ∆ , w) for ∆ a reflexive 3-dimensional polytope.
